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An array of nine square heated elements mounted in a 
square three-by-three pattern with no gap between the elements 
on a large vertical adiabatic surface with natural convective 
flow over the elements has been considered. Each of the 
elements has a uniform heat flux over its surface, the heat 
fluxes over eight of the elements being the same and the heat 
flux over the ninth element being higher than that over the 
other eight elements. The basic aim of the study was to 
determine the effect the position of the higher heat flux element 
on the mean temperatures of the other eight elements. The 
situation considered is an approximate model of situations that 
can arise in electronic cooling. The flow has been assumed to 
be steady and laminar and it has been assumed that the fluid 
properties are constant except for the density change with 
temperature which gives rise to the buoyancy forces, this 
having been treated by using the Boussinesq approach.  The 
solution has been obtained by numerically solving the full 
three-dimensional form of the governing equations, these 
equations being written in terms of dimensionless variables 
using the commercial cfd code FLUENT. The solution has the 
heat flux Rayleigh number, the Prandtl number, the ratio of the 
heat flux over the high heat flux element to the heat flux over 
the other eight elements, and the position of the high heat flux 
element as parameters. Because of the application that 
motivated this work results have only been obtained for Pr = 
0.7. Results have been obtained for a wide range of values of 
the other input parameters and the effect of these parameter 
values on the mean surface temperatures of each of the 





















 In natural convective heat transfer from a series of 
heated elements mounted on a vertical wall the upward flow 
from the lower elements over the upper elements can 
significantly affect the heat transfer from the upper elements. 
This can be particularly important when there is a higher heat 
transfer rate from one of the lower elements. In order to study 
this effect in a basic way an array of nine square elements 
mounted in a square three-by-three pattern with no gap 
between the elements on a large vertical adiabatic surface has 
been considered. Each of the elements has a uniform heat flux 
over its surface, the heat fluxes over eight of the elements being 
the same and the heat flux over the ninth element being higher 
than that over the other eight elements, i.e., one of the elements 
Figure 1: Flow situation considered.  
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is a ‘hot-spot’ in the element array. The situation considered is 
there as shown in Fig. 1. The basic aim of the present study was 
to numerically investigate the effect of the ‘hot’ element 
position on the mean temperatures of the other eight elements. 
The situation considered is an approximate model of situations 
that can arise in electronic cooling. 
The present study is basically concerned with the 
interaction of the flow over one heated element with the flow 
over an adjacent element and the effect that this interaction has 
on the mean surface temperatures of the elements. In particular, 
the study is concerned with the effect of one high heat flux 
element on the heat transfer rates from the other elements in the 
array. Because of its importance in the cooling of a collection 
of electronic components on a circuit board there have been a 
number of studies of natural convective heat transfer rates from 
various heated arrays. Typical of the many such studies are 
those described by Heindel et al [1], Tou [2], Kirby and 
Fleischer [3], Tou and Zhang [4], and Tewari and Jaluria [5]. A 
number of studies of natural convective heat transfer from 
arrays of cylinders and rectangular protrusions. Typical of these 
are those described by Fujii et al [6], [7], Joshi et al [8], and 
Sparrow et al [9].  There have also been a number of studies of 
natural convective heat transfer from arrays of vertical flat 
plates typical of these are those described by Misumi et al [10], 
[11], and Tanda [12] 
NOMENCLATURE 
H Height of heated cylinder 
k Thermal conductivity of fluid 
Nu Nusselt number  
Num Mean Nusselt number for a given element  
NuM Mean Nusselt number averaged over all elements for 
 the case where there is no high heat flux element 
Pr Prandtl Number 
P Dimensionless Pressure 
p Pressure 
pF Pressure in undisturbed fluid  
qw Heat flux over heated surface considered 
qw0 Heat flux over non high heat flux elements 
qwH Heat flux over high heat flux elements 
qr qwH / qw0 
Ra* Heat flux Rayleigh number based on H 
T Temperature 
TF  Undisturbed fluid temperature 
Tw Local surface temperature 
ur Reference velocity 
ux Velocity component in x direction 
uy Velocity component in y direction 
uz Velocity component in z direction 
UX Dimensionless velocity component in X direction 
UY Dimensionless velocity component in Y direction 
UZ Dimensionless velocity component in Z direction 
x Coordinate measured in horizontal direction normal to 
the plate 
y Coordinate measured in vertically upward direction 
z Coordinate measured in horizontal direction in the 
plane of  the plate  
X Dimensionless x coordinate 
Y Dimensionless y coordinate 
Z Dimensionless z coordinate 
α Thermal diffusivity 
β Bulk coefficient 
ν Kinematic viscosity 
μ Dynamic viscosity 
Θ   Dimensionless temperature 
SOLUTION PROCEDURE 
The flow has been assumed to be steady and laminar. It has 
also been assumed that the fluid properties are constant except 
for the density change with temperature which gives rise to the 
buoyancy forces, this being treated here by using the 
Boussinesq approach.  The governing equations have been 
written in dimensionless form using the height, H, of the 
cylinder as the length scale and qw0 H / k as the temperature 
scale, qw0 being the heat flux over the eight non-hot spot 
elements.  Defining the following reference velocity: 
 
                     = *ru Ra PrH
α                     (1) 
where Pr is the Prandtl number and Ra* is the heat flux 
Rayleigh number based on H, i.e.: 
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the following dimensionless variables have then been defined: 
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where T is the temperature and TF is the fluid temperature 
far from the plate. The X coordinate is measured in the 
horizontal direction normal to the plate, the Y-coordinate is 
measured in the vertically upward direction and the Z-
coordinate is measured in the horizontal direction in the plane 
of  the plate. 
In terms of these dimensionless variables, the governing 
equations are: 






                    (4) 
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The mean heat transfer rate from the heated plate has been 
expressed in terms of the following mean Nusselt number: 
               1





k T T θ
= =
−
                   (9) 
 
where Tm and θm are the mean temperature and the mean 
dimensionless temperature of the heated surface respectively. 
qm is the heat flux over the element being considered, i.e., is 
higher for the high heat flux element than for the other 
elements. 
The dimensionless governing equations subject to the 
boundary conditions discussed above have been numerically 
solved using the commercial cfd solver, Fluent.  Extensive 
grid- and convergence criterion independence testing was 
undertaken. This indicated that the heat transfer results 
presented here are to within 1% independent of the number of 
grid points and of the convergence-criterion used. 
RESULTS 
The solution has the following parameters: 
1. The heat flux Rayleigh number, Ra*,  
2. The Prandtl number, Pr, 
3. the ratio of the heat flux over the high heat flux 
element to the heat flux over the other eight elements, 
qr, 
4. the position of the high heat flux element.  
As already mentioned, because of the applications that 
motivated this study, results have only been obtained for Pr = 
0.7. Ra* values between 105 and 108 and qwr values between 1 
and 3 have been considered.  
Typical variations of the mean Nusselt numbers, Num, for 
elements 1 to 6 with the position of the high heat flux element 
for three heat flux Rayleigh number values is shown in Figs 2a 









































Figure 2a:  Variation of Mean Nusselt for element 1 with 
position of high heat flux element for three Ra* values 
for qr = 2. The dotted lines give the values when there is 
no high heat flux element. 
Figure 2b: Variation of Mean Nusselt for element 2 with 
position of high heat flux element for three Ra* values 
for qr = 2. The dotted lines give the values when there is 
no high heat flux element. 
Figure 2c: Variation of Mean Nusselt for element 3 
with position of high heat flux element for three 
Ra* values for qr = 2. The dotted lines give the 
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Results are not given for elements 7, 8 and 9 and for the cases 
where elements 7, 8 and 9 are the high heat flux elements. This 
is because when the high heat flux element is element 7 the 
Nusselt number values for elements 7, 8 and 9 are the same as 
those for elements 1, 2 and 3 when element 1 is the high heat 
flux element and when the high heat flux element is element 8 
the Nusselt number values for elements 7, 8 and 9 are the same 
as those for elements 1, 2 and 3 when element 2 is the high heat 
flux element and when the high heat flux element is element 9 
the Nusselt number values for elements 7, 8 and 9 are the same 
as those for elements 1, 2 and 3 when element 3 is the high heat 
flux element. Further when the high heat flux or ‘hot spot’ 
element is 3, 4 or 5, the Nusselt number values for elements 7, 
8 and 9 are the same as the values for elements 1, 2 and 3 
respectively. Further when the high heat flux element is 1, 2, or 
3 the effect of the ‘hot spot’ element on the Nusselt numbers 
for elements 7, 8 and 9 is effectively negligible. 
A consideration of the results given in Figs. 2a to 2f 
indicates that in all cases the Nusselt number for the high heat 
flux element is, because of the higher surface heat flux value, 
greater than the Nusselt numbers for the other elements. The 
results also indicate that the presence of the high heat flux 
element in a column of elements always significantly decreases 
the Nusselt numbers for the elements above the high heat flux 
element but has essentially no effect on the Nusselt numbers for 
the element(s) below the high heat flux element in the column 
of elements. The magnitude of the Nusselt number reductions 
for the elements above the high heat flux element increases 
with increasing heat flux Rayleigh number. 
The results given in Figs. 2a to 2f were for a heat flux 
ratio, qwr , of 2. The effect of qr on the Nusselt number values is 
illustrated by the results given in Figs. 3a to 3f. These figures 
give results for qr  values of 2 and 3 for a single value of Ra*. 
It will be seen from the results given in Figs 3a to 3f that the qr 
value only has a very significant effect on the Nusselt number 
for the high heat flux element.  
The results given in Figs. 2 and 3 were all for the mean 
Nusselt number for a single element. The mean Nusselt 
number, NuM, for the entire array of nine elements including the 
high heat flux element is also of some interest. The variation of 
this Nusselt number with the high heat flux element number for 
three Ra* values and for qr = 2 is shown in Fig. 4. It will be 
seen from the results given in Fig. 4 that at all three heat flux 
Rayleigh numbers the highest mean array Nusselt number 
occurs when the high heat flux element is at the top of a 
column of elements, i.e., is in positions 3, 6 or 9. This arises 
from the fact that when the element is at the top of the column 
the increase in the Nusselt number for the high heat flux 
element more than compensates for the relatively small 
reductions in the mean Nusselt numbers for the elements in the 





Figure 2d: Variation of Mean Nusselt for element 4 with 
position of high heat flux element for three Ra* values 
for qr = 2. The dotted lines give the values when there is 
no high heat flux element. 
Figure 2e: Variation of Mean Nusselt for element 5 with 
position of high heat flux element for three Ra* values 
for qr = 2.  
Figure 2f: Variation of Mean Nusselt for element 6 with 
position of high heat flux element for three Ra* values 
for qr = 2. The dotted lines give the values when there is 
no high heat flux element. 
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Figure 3a: Variation of Mean Nusselt numbers for 
element 1 with position of high heat flux element for qr 
values of  2 and 3 for Ra*= 107.  
Figure 3b: Variation of Mean Nusselt numbers for 
element 2 with position of high heat flux element for 
qr values of 2 and 3 and for Ra*= 107.  
Figure 3c: Variation of Mean Nusselt numbers for 
element 3 with position of high heat flux element for qr 
values of 2 and 3 for Ra*= 107.  
Figure 3d: Variation of Mean Nusselt numbers for 
element 4 with position of high heat flux element for 
qr values of 2 and 3 for Ra*= 107. 
Figure 3a: Variation of Mean Nusselt numbers for 
element 5 with position of high heat flux element for qr 
values of 2 and 3 for Ra*= 107.  
Figure 3f: Variation of Mean Nusselt numbers for 
element 6 with position of high heat flux element for qr 
values of 2 and 3 for Ra*= 107.  
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When all nine elements have the same heat flux the situation 
considered becomes a uniformly heated plate with a height and 
a width of H. If edge effects are neglected the mean Nusselt 
number for this case will be given by standard equations, i.e., 
approximately by Num = 0.65 Ra*0.2 for this situation. Results 
for this case are given in Fig. 5. The difference between the 
numerical results and the empirical equation arises mainly 

























The results of the present study indicate that: 
1. The presence of the high heat flux element in a 
column of elements always significantly decreases the 
Nusselt numbers for the elements above the high heat 
flux element but has essentially no effect on the 
Nusselt numbers for the element(s) below the high 
heat flux element in the column of elements. 
2. The magnitude of the Nusselt number reductions for 
the elements above the high heat flux element 
increases with increasing heat flux Rayleigh number. 
3. The highest mean Nusselt number averaged over the 
entire array of nine elements including the high heat 
flux element occurs when the high heat flux element is 
at the top of a column of elements, 
ACKNOWLEDGMENTS 
This work was supported by the Natural Sciences and 
Engineering Research Council of Canada. 
REFERENCES 
[1] Heindel, T.J., Incropera, F.P. and Ramadhyani, S., 1996, 
Enhancement of natural convection heat transfer from an 
array of discrete heat sources, Int. J. Heat Mass Transfer, 
39(3), pp. 479 – 490.  
[2] Tou, S.K.W., Tao, C.P., and Zhang, X.F., 1999, 3-D 
numerical analysis of natural convection liquid cooling of 
a 3 x 3 heater array in rectangular enclosures, Int. J. Heat 
Mass Transfer, 42, pp. 3251-3244. 
[3] Kirby, P. and Fleischer, A., Thermal interaction in free 
convection from two unequally powered discrete heat 
sources with various orientations and separation distances 
on a vertical plate, Proc. ASME International Mechanical 
Engineering Congress and Exposition, 8 Part A, 2008, pp. 
565–572. 
[4] Tou, S.K.W. and Zhang, X.F., 2003, Three-dimensional 
numerical simulation of natural convection in an inclined 
liquid-filled enclosure with an array of discrete heaters, Int. 
J Heat and Mass Transfer, 46(1), pp.127–138. 
[5] Tewari, S.S. and Jaluria, Y., 1991, Convective heat transfer 
with buoyancy effects from thermal sources on a flat plate, 
J. Thermophysics and Heat Transfer, 5(2), pp. 199–207. 
[6] Fujii, M., Gima, S. and Tomimura, T. and Zhang, X., 1996, 
Natural convection to air from an array of vertical parallel 
plates with discrete and protruding heat sources, Int. J. 
Heat and Fluid Flow, 17(5), pp. 483–490. 
[7] Fujii, M., Gima, S., Tomimura, T. and Zhang, X., 1995, 
Natural convection to air from an array of vertical parallel 
plates with discrete and protruding heat sources, Trans. 
Japan Society of Mechanical Engineers, Part B, 61(581), 
pp. 239–244 
[8] Joshi, Y., Kelleher, M.D., Powell, M. and Torres, E.I., 
1994, Natural convection heat transfer from an array of 
Figure 4: Variation of Mean Nusselt numbers averaged 
over all nine elements for elements with position of high 
heat flux element for three Ra* values for qr = 2.  
Figure 5: Comparison of numerically calculated 
Variation of Mean Nusselt number averaged over all nine 
elements with Ra* for the case where the is no  high 
heat flux element with the variation given by an 
empirical equation for natural convective heat transfer 
from a vertical plate with a uniform surface heat flux.  
6
Downloaded From: https://proceedings.asmedigitalcollection.asme.org on 06/28/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use
  Copyright © 2009 by ASME 
rectangular protrusions in an enclosure filled with 
dielectric liquid, J. Electronic Packaging, Trans. of the 
ASME, 116( 2), pp. 138–147. 
[9] Sparrow, E. M. and Cook, D. S. and Chrysler, G. M., 1982, 
Heat transfer by natural convection from an array of short, 
wall-attached horizontal cylinders, J. Heat Transfer, Trans. 
ASME, 104 (1), pp. 125–131. 
[10] Misumi, T., Kamachi, M. and Kitamura, K., 2002, Fluid 
flow and heat transfer of natural convection around a row 
of heated vertical plates placed in the same horizontal 
plane (effect of plate number)}, Transactions of the Japan 
Society of Mechanical Engineers, Part B, 68(671), pp. 
2114-2121. 
[11] Misumi, T., Kamachi, M. and Kitamura, K., 2002, Fluid 
flow and heat transfer of natural convection around a pair 
of heated vertical plates placed in the same horizontal 
plane, Transactions of the Japan Society of Mechanical 
Engineers, Part B, 68(671), pp. 2106-2113. 
[12] Tanda, G., 1995, Experiments on natural convection from 
two staggered vertical plates, Int. J Heat and Mass 




Downloaded From: https://proceedings.asmedigitalcollection.asme.org on 06/28/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use
